Abstract. We show that for any prime number l > 2 the minus class group of the field of the l-th roots of unity Qp(ζ l ) admits a finite free resolution of length 1 as a module over the ring Z[G]/(1 + ι). Here ι denotes complex conjugation in G = Gal(Qp(ζ l )/Qp) ∼ = (Z/lZ) * . Moreover, for the primes l ≤ 509 we show that the minus class group is cyclic as a module over this ring. For these primes we also determine the structure of the minus class group.
Introduction
Let l be an odd prime and let ζ l denote a primitive l-th root of unity. In this paper we study the cyclotomic fields Q(ζ l ) and the class groups Cl l of their rings of integers Z[ζ l ]. The class group Cl l splits in a natural way into two parts: the natural map from the class group Cl [23] . See [3] , [21] for a numerical study of these groups. In this paper we consider the other groups, the minus class groups Cl − l , which are easier to handle. There is, first of all, an explicit and easily computable formula for their cardinalities h − l . See [24, p.42] :
where the product runs over the characters χ : (Z/lZ) * −→ C * which are odd, i.e. which satisfy χ(−1) = −1. The numbers B 1,χ are generalized Bernoulli numbers; they are defined in section 1.
Around 1850, E. E. Kummer [9] , [10] used this formula to compute the minus class numbers h multiple factors. It is a natural problem to try and determine the structure of the minus class groups. Kummer [12] addressed this problem in 1853. He showed, for instance, that for l = 29 the minus class group is isomorphic to Z/2Z×Z/2Z×Z/2Z. He claimed moreover that the minus class group of Q(ζ 31 ) is cyclic of order 9. Only in 1870 he gave a rigorous proof of this fact [11] . It involves a lenghty calculation in the field Q(ζ 31 ). His claim that the group Cl − 71 is cyclic of order 7 2 · 79241 is correct, but has, as far as I know, never been justified previously [6] .
In this paper we study the structure of the minus class groups Cl 
where L is free of finite rank over Z[G]/(1 + ι).
Theorem I is an immediate consequence of Theorems 2.2(i) and 3.2(i). For small l we can be more precise:
Theorem II. For l ≤ 509 one can take L of rank 1 in Theorem I. In other words, the minus class group is isomorphic to Z[G]/(1 + ι, Θ) as a Z[G]/(1 + ι)-module.

Moreover, for Θ one can take the modified Stickelberger element introduced in section 1.
Theorem II is proved in section 4. In the course of the proof we determine completely the structure of the minus class groups Cl Theorem II probably holds for several other primes l, but is definitely not true in general. It does, for instance, not hold for l = 3299. This follows from the fact that, when l ≡ 3 (mod 4), the minus class group Cl Finally, we single out a particularly simple consequence of our results. Roughly speaking, it says that for prime divisors p of l − 1, the p-part of Cl − l is cyclic whenever it is small.
Theorem III. Let l and p be odd primes and let M denote the p-part of the minus class group of
Theorem III is proved in section 2. Applying it with l = 31, p = 3 and l = 71, p = 7 respectively we obtain a proof of Kummer's claims. The condition that #M divide (l − 1)
2 cannot be relaxed further: in section 4 we show that the 5-part of the minus class group of Q(ζ 101 ) is isomorphic to Z/125Z × Z/25Z.
Our method is, in some sense, a finite version of Iwasawa theory. It is closely related to V. A. Kolyvagin's work [7] . In order to obtain information about the structure of a certain χ-eigenspace of the p-part of a minus class group, we "deform" the Dirichlet character χ and study the extension L corresponding to χψ, where ψ is some character of p-power order. The generalized Bernoulli numbers B 1,χψ contain information about the χ-eigenspace of the class group of this extension. This information is obtained by viewing the field L as a "truncated" Z p -extension and by studying the χ-part of the minus class group of L by mimicking techniques from Iwasawa theory. The main results are Theorem III and the two criteria for cyclicity, Theorems 2.3 and 3.3.
The main difficulty in extending Theorem II to primes l > 509 is the size of the class numbers. For larger l one is bound to encounter composite numbers that cannot be factored within reasonable time. Sooner or later one will also encounter χ-parts that are not cyclic Galois modules. In these cases the methods of this paper do not apply.
The paper is organized as follows. In section 1 we briefly recall some well known facts concerning Z[G]-modules when G is a finite abelian group. In this section we also discuss some elementary properties of Stickelberger elements and generalized Bernoulli numbers. Even though there are similarities between the structure of the odd and even parts of the minus class groups, the differences are sufficiently big to merit separate treatment. In section 2 we consider the p-parts of minus class groups for odd primes p. In section 3 we do the same for p = 2. Finally, in section 4, we present the numerical results and prove Theorem II.
We need to know the complete prime decomposition of the class numbers h − l for l ≤ 509. In the appendix a Table 4 .4.
Preliminaries
In this section we recall some elementary facts concerning modules over group rings Z[G] when G is a finite abelian group. In addition we recall some basic properties of Stickelberger elements and generalized Bernoulli numbers.
Let G be a finite abelian group. For a G-module M , we denote by M G the subgroup of G-invariant elements of M . Now fix a prime p and let
where π is the p-part of G and ∆ is the maximal subgroup of G of order prime to p. We write the group ring
. By the orthogonality relations there is an isomorphism of rings 
We have a decomposition into eigenspaces of M :
where χ runs over the characters χ : 
(ii) For every Z p [G]-module M and every character χ : ∆ −→ Q * p we have that
Proof. (i) Since the actions of ∆ and P commute, the inclusion i : M ∆ → M and the ∆-norm map N : M → M ∆ are P -morphisms. The maps i · N and N · i induce multiplication by #∆ on H q (P, M ) ∆ and H q (P, M ∆ ) respectively. Since #∆ and #P are coprime, multiplication by #∆ is an isomorphism and (i) follows.
(ii) Since the actions of ∆ and P commute, the eigenspaces M (χ) are P -modules. Taking the sum over the characters χ :
, we obtain precisely the map
The remainder of this section is devoted to properties of Stickelberger elements and generalized Bernoulli numbers. Let f ≡ 2 (mod 4) be a conductor and let G = (Z/f Z) * . The Stickelberger element θ f of conductor f is given by
For any prime number p we write G = π × ∆ as above. We have
where the sum runs over the characters χ : ∆ −→ Q * p up to Gal(Q p /Q p )-conjugacy and K χ is the quotient field of O χ . We denote the algebra homomorphism [24, Chpt.6] . For p = 2, C. Greither [4] has shown the same when π is cyclic and the conductor f is odd.
For any character ϕ of G of conductor f , the generalized Bernoulli number B 1,ϕ is simply the value of the algebra homomorphism Q p [G] −→ Q p induced by ϕ evaluated on the Stickelberger element:
Finally we assume that f = l is prime, so that G = (Z/lZ) * and we introduce the 
Odd primes p
In this section we study the p-parts of the minus class groups of complex abelian number fields for odd primes p. We show that certain eigenspaces of these groups are cohomologically trivial Galois modules. This puts restraints on their structure. We derive an easily applicable criterion for these eigenspaces to be cyclic Galois modules.
In this section p = 2 is a prime. We fix a complex abelian number K field with G = Gal(K/Q). Let π denote the p-part of G and F = K π its fixed field. We fix an odd character χ : G −→ Q p * of order prime to p, which is not equal to the Teichmüller character ω . Since p = 2, we have that Cl
. Therefore we work, in this section, with the class group Cl K itself rather than the minus class group Cl
Theorem 2.1. Let P ⊂ G be a subgroup of π with fixed field E = K P . Suppose that that for all primes r that are ramified in E ⊂ K we have that χ(r) = 1.
Proof. (i) It suffices to show that H q (P, Cl K (χ)) = 0 for all q ∈ Z. Let O K denote the ring of integers of K, let C K denote the idèle class group of K and let U K denote the group of unit idèles, i.e. the group of K-idèles that have trivial valuation at all finite primes. We have the exact sequence of G-modules [2] 
We show that the χ-parts of the Tate P -cohomology groups of these modules are all zero. For the unit group O * K we have the following exact sequence [24, p.39 
Here O K + is the ring of integers of the maximal real subfield K + of K and µ K denotes the group of roots of unity in K. The group Q has order at most 2. Complex conjugation acts trivially on {1, −1}, on Q and on O * K + . Since χ is an odd character, we have, by Lemma 
Since χ is not the Teichmüller character, the χ-part of µ K is zero so that, by Lemma 1.1,
Since G acts trivially on Z, it follows from Lemma 1.1 that H q (P, C K )(χ) = 0 for all q ∈ Z. We use local class field theory to compute the cohomology of U K . See also [20] . By Shapiro's lemma we have
where v runs over the prime ideals of E and r runs over ordinary prime numbers. The ring O w is the ring of integers of the completion
Since G is abelian, the decomposition groups P r and H r only depend on the prime r. Since H q (P r , O * w ) vanishes when v is unramified in K, it suffices to consider only primes r that are ramified in E ⊂ K. For each prime ideal v of F dividing a ramified prime r, there is an exact sequence of G r -modules
Consider the long exact sequence of Tate P r -cohomology groups. By Lemma 1.1, the group H r acts trivially on the cohomology groups H q (P r , Z). By local class field theory there are natural isomorphisms H q (P r , K * w ) ∼ = H q−2 (P r , Z) for all q ∈ Z, so that H r also acts trivially on the groups H q (P r , K * w ). Let ∆ r denote the maximal subgroup of H r of order prime to p. Then ∆ r and P r have coprime orders, so that the long cohomology sequence remains exact when we take ∆ r -invariants. It follows that H q (P r , O * w ) is ∆ r -invariant. Therefore ∆ r acts trivially on the sum v|r H q (P r , O * w ). Since χ(r) = 1 for all ramified primes r, we see that ∆ r ⊂ ker(χ). This implies that the χ-part
Combining all this and using Lemma 1.1 one more time, we deduce that H q (P , Cl K (χ)) = 0 for all q ∈ Z. This proves (i).
(ii) It is easy to see that the natural map
has trivial χ-part, and it follows that the norm map N :
Notice that in order to prove surjectivity of this norm map we have not really used the condition on χ, but merely the fact that χ is not trivial.
The P -cohomology groups of each module in the exact sequence 0
Theorem 2.2. If for all primes r that are ramified in
(ii) we have
where ψ runs over all characters
Proof. By Nakayama's lemma there is a surjective [7] , [16] , [17] , [18] . By D. Solomon's Theorem [22, p.472], we have for every subgroup P ⊂ π with cyclic quotient π/P ,
Here the ψ run over the characters of G for which ker ψ = P . Here P denotes the unique subgroup of π containing P as a subgroup of index p and N P and N P denote the norm maps σ∈P σ and σ∈P σ respectively. In the exceptional case P = π the group P is not defined and we simply put N P = 0. By Cl
we denote the kernel of the relative norm map N P /N P from the class group Cl K P (χ) to itself.
Put
Here P runs over the subgroups of π with cyclic quotient π/P . The natural map
becomes an isomorphism when we take the tensor product with the quotient field K χ of O χ . Therefore g is injective and has finite cokernel.
All modules occurring in the exact sequence of part (i) are cohomologically trivial. Therefore it remains exact when we apply the functor P N P (−)/N P (−) to it. We obtain the following diagram with exact rows.
Theorem 2.1(i) and (ii) and an application of the snake lemma then gives that
and the result follows from Solomon's Theorem.
It is not difficult to express the order of Cl K (χ) in terms of the matrix Θ of Theorem 2.1(i). One has [1, III, sect.9, Prop.6]
Here ψ runs over the characters of π, and ψ(det(Θ)) indicates the value of the natural extension of ψ to an algebra homomorphism
Next we deduce a sufficient condition for the eigenspace Cl K (χ) to be a cyclic 
Proof. We first show that Cl F (χ) is a cyclic O χ -module. If B 1,χ −1 = pu for some unit u ∈ O * χ , it follows from Theorem 2.2(ii) that #Cl F (χ) is equal to the order of the residue field O χ /(p). Therefore Cl F (χ) is cyclic over O χ .
In the other case, let E = Q ker ϕ F and let P = Gal(E/F ). Then P is cyclic and we let F ⊂ E ⊂ E be the unique subfield of E of index p. Since ϕ = 1, it follows from Theorem 2.1(ii) that the norm map
To compute the order of the kernel of N E/E , we observe that 
(T )h(T ) where µ is a non-negative integer, u(T ) a unit and h(T
as an O χ -module. ω 1 (T ) ). Applying Solomon's Theorem [22, Thm. II, 1], we find that, up to a p-adic unit,
Proof. We write O χ [π] = O χ [T ]/(ω e (T )) as above. Since Cl F (χ) is a cyclic O χ -module, it follows from Theorem 2.1 that the eigenspace Cl
is cohomologically trivial, we have the following exact sequence
We analyze the ideal (f (T ), ω e (T )/T ). Consider for 0 ≤ i < e the quotient
Since λ < p − 1 we have that
(T ) (mod f(T )) where u(T ) is some unit in O χ [T ]/(ω e (T )). This shows that the ideals (f (T ), ω e (T )/T ) and (f(T )
, p e ) are equal and that there is an isomorphism of O χ -modules
To complete the proof, we observe that
) is the image of
under the multiplication by T map. Since f is monic, this implies that f (0) has order p e . Therefore 1 ∈ O χ [T ]/(ω e (T ), f(T )) has, up to p-adic unit, order f (0)p e . This completes the proof
The following simple result often suffices to determine the structure of the p-part of the minus class group of Q(ζ l ) when p divides l − 1. Note that the proof does not rely on the theorems of Mazur-Wiles, Kolyvagin or Solomon.
Theorem III. Let l and p be odd primes and let M be the p-part of the minus class group of Q(ζ l
Proof. Let π denote the p-part of G = Gal(Q(ζ l )/Q); it is a cyclic group of order p e . Let F be the fixed field of π, let χ be a character of G of order prime to p and let M (χ) be the corresponding eigenspace of M . We assume that M (χ) = 0. Since the condition of Theorem 2.1 is satisfied for K = Q(ζ l ), there is an exact sequence
where d is the O χ -rank of Cl F (χ). Let q = p a denote the number of elements in the residue field of O χ . We write det( 
e βZ p is a cyclic group. We conclude the proof by observing that #M (χ) ≥ p e+1 , so that only one eigenspace M (χ) is non-trivial and hence M = M (χ).
The 2-part
In this section we study the 2-part of the minus class group of a complex abelian number field K. We show that certain eigenspaces of the 2-part are cohomologically trivial Galois modules. This has consequences for their structure. Finally we prove a criterion for cyclicity of these eigenspaces as Galois modules.
Let G = Gal(K/Q), let ι ∈ G denote complex conjugation and let K + denote the fixed field of ι. We have inclusions of idèle class groups C K + ⊂ C K and of idèle unit groups U K + ⊂ U K . There is a natural map Cl K + −→ Cl K . We define
A diagram chase involving the exact sequence 0 −→ O * K −→ U K −→ C K −→ Cl K −→ 0 and the analogous sequence for K + shows that there is an exact sequence [19] 
It is important to use the definition of the minus class group Cl − K that we give here. Often the minus class group of an abelian number field K is defined to be the kernel of the norm map N : Cl K −→ Cl K + . The present definition differs at most in the 2-part. It has several advantages: as we will see below, it is easy to compute the Galois cohomology of Cl − K ; the results for the 2-part are very similar to the results for the odd parts. I don't know how to do the calculations using the other definition.
Another advantage over the usual definition is the following. It is easy to deduce the following formula for the order of Cl − K from the usual class number formula:
This formula does not involve the unit index "Q K " of Hasse [5, Ch.20] , which is, in general, difficult to compute. This time there is the factor 2/[µ K : µ − K ], which is either 1 or 2, but this quantity is easy to compute; it captures, in some sense, only the easy aspects of the unit index Q K and its calculation is precisely the content of Hasse's Satz 22 in [5] .
In this secton we fix a complex abelian number field K with G = Gal(K/Q). Let π be the 2-part of G with fixed field k = K π . We fix a non-trivial character χ of G of odd order. We denote the fixed field of K under ι by K + . Note that k ⊂ K + .
Theorem 3.1. Let P ⊂ π be a 2-group that does not contain ι and let
P is bijective and the norm map N : Cl
The proof follows the pattern of the proof of Theorem 2.1.
(i) It suffices to show that H q (P, Cl − K (χ)) = 0 for all q ∈ Z. Consider the exact sequence
We show that the χ-parts of the P -cohomology groups of the first three modules are trivial. Lemma 1.1 then implies that H q (P, Cl − K (χ)) = 0 for all q ∈ Z. Since χ has odd order, it acts trivially on the 2-part of µ − K and therefore on its P -cohomology groups. This shows that H q (P, µ − K )(χ) = 0 for all q ∈ Z. By global class field theory H q (P, C K ) and H q (P, C K + ) are isomorphic to H q−2 (P, Z) and have therefore trivial G-action and, since χ = 1, trivial χ-parts. It follows that
By local class field theory and the fact that χ(r) = 1 for the primes r that ramify in E ⊂ K and E + ⊂ K + we have that H q (P, U K ) and H q (P, U K + ) have trivial χ-parts. The proofs are similar to the proof of part (i) of Theorem 2.1.
(
is surjective. Note that we only used the fact that χ = 1 to prove this.
To prove the second statement, we consider the following diagram:
An easy diagram chase shows that the first three vertical arrows are injective and have cokernels with trivial χ-parts. By the proof of part (i), the P-cohomology groups of each of the modules µ
K have trivial χ-parts as well. This easily implies that the rightmost map induces an isomorphism Cl
P as required.
Theorem 3.2. If all primes r that ramify in k ⊂ K satisfy χ(r) = 1, then (i) there is an exact sequence
0 −→ (O χ [π]/(1 + ι)) d Θ −→(O χ [π]/(1 + ι)) d −→ Cl − K (χ) −→ 0; (ii) If,
in addition, the prime 2 is not ramified in the field
where the product runs over the odd characters ψ of G of 2-power order.
Proof. Choose σ ∈ π so that σ is a direct summand of π containing ι. Let 2 e denote the order of σ and let P be a complement of σ in π: . Since the quotient is finite, the kernel has rank d. This proves (i).
(ii) We proceed with induction with respect to the order of π. Since 2 is unramified we may apply C. Greither's Theorem [4, p.453, Thms. A and B] and we see that the result holds when π is cyclic. Suppose π is not cyclic. Writing π = σ × P as in part (i), the group P is not trivial. Let τ ∈ P be an element of order 2. The fixed fields K τ and K τ ι of τ and τι are both complex abelian number fields containing k. The set of odd characters of G is the disjoint union of the sets of odd characters of Gal(K τ /Q) and Gal(K τ ι /Q). By induction, the result holds for the fields K τ and K τ ι . By Theorem 3.1(i), 
Finally we prove a sufficient condition for the eigenspace Cl 
* , -χ(r) = 1 for all primes r dividing the conductor of ϕ,
Proof. Let k ϕ denote the composite field kQ ker ϕ and let
Since 2 is not ramified, it follows from Greither's Theorem that the order of Cl 
Proposition 3.4. Suppose that π is cyclic and that Cl
and there is an isomorphism of abelian groups
fs where r, s ∈ Z are determined by t = r2 e−1 + s and 0 ≤ s < 2 e−1 .
Proof. This follows from the fact that O χ [ζ 2 e ] is a discrete valuation ring with uniformizing element 1 − ζ 2 e .
Tables
In this section we present the proof of Theorem II. An essential ingredient is the table of class numbers h − l given in the appendix. We briefly explain the notation. 
Let l be an odd prime. We have l − 1 = 2 e · m with m odd. For every divisor d of l − 1 which itself is divisible by 2 e we define
where the product runs over the characters χ : (Z/lZ) * −→ C * of order d; except when d = l − 1, in which case we multiply this product by l, and when d = 2
e , in which case we multiply it by 2. In the rare occasion when l − 1 is equal to 2 e , the only possible value for d is l − 1 = 2 e and we put
This last case occurs only when l is a Fermat prime i.e., when l = 3, 5, 17, 257, 65537 or has more than 2 500 000 decimal digits. The numbers h − l (d) are listed in the appendix. They are rational integers [5] , [24] and they are related to the minus class number h
In [15] D. H. Lehmer and J. M. Masley presented a table with the numbers h − l (d) for l ≤ 509. Of most of these numbers the complete prime factorization was given, but their table contains 22 unfactored composite numbers. These were factored by Peter Montgomery (PM), Bob Silverman (BS), Herman te Riele (HtR) and Arjen Lenstra (AL). The most laborious factorization, for l = 467, was performed by Arjen Lenstra, who factored a 103 digit factor of h − 467 into a product of two primes of 49 and 55 digits respectively. We list the various contributions in Table 4 .1. By p n we denote a prime factor of n decimal digits. The order in which the initials are given corresponds to the order of the prime factors. In order to prove Theorem II and, at the same time, determine the structure of Cl characters χ = ω. Let d be a divisor of l − 1 for which p divides h (2) or is zero. In particular, each Cl l (χ) is a cyclic Galois module. This happens in all but seven cases. In the remaining seven cases we use Theorem 2.3 and show that each eigenspace is a cyclic O χ module by computing an additional Bernoulli number B 1,χ −1 ϕ where ϕ is a suitable even character of order p and conductor r.
In Table 4 .3 we have listed all pairs (p, l) with p = 2 dividing l − 1. We'll see below that in this case the class number h − l is automatically divisible by p 2 , so that Table 4 .3 actually contains all pairs (p, l) for which p divides gcd(h − l , l − 1). In order to explain the contents of the table, we fix p and l and we let p e be the exact power of p dividing l − 1.
If 
